Abstract. Noise in environments can cause mutation in genetic materials of biological systems. In this paper, I first introduce some molecular models of biological evolution, including Eigen model with connected mutation-selection scheme and Crow-Kimura (CK) model with parallel mutationselection scheme. Baake et al. mapped the CK model into a quantum spin model. Recently, Saakian and I did the similar mapping for the Eigen model. Using Suzuki-Trottere formalism, we studied statics and dynamics of the Eigen model and the CK model with the single-peak fitness function and found that the relaxation in the parallel model is faster than that in the connected model. We studied both models with rather general fitness functions and obtained error thresholds for various cases. We studied the Eigen model with multiple peaks which can represent virus or cancer cells attached by drug or the immune systems. Finally, we studied a lattice model for co-evolution of virus and immune system and found that the model shows self-organized behavior.
INTRODUCTION
The application of statistical physics to lattice spin models has greatly enhanced our understanding of phase transitions in physical systems [1] . In particular, it has been found that the phase transition behavior of the Ising model, in which each spin has components +1 and -1, obtained by statistical physics is consistent with the critical behavior of binary alloys and fluids. After the development of molecular biology, it is of interest to know whether one can apply the method and idea of statistical physics to understand the biological evolution from molecular level. For this purpose, Eigen [2, 3] , Crow and Kimura (CK) [4] proposed asexual biological evolution models, which can be used to describe virus evolution.
The genetic information of a biological system (e.g. a virus) is stored in DNA or RNA sequence. Noise in environments can cause mutation in DNA or RNA. Eigen and CK used a one-dimensional Ising spin model with N spins to represent a DNA or RNA of N bases and consider the time evolution of the probability distribution of M = 2 N spin configurations St,i=l,...,M, corresponding M DNA or RNA sequences with +1 representing purines (R) and -1 pyrimidines (Y). Every sequence St is assigned a value of the fitness function, r t , which represents the reproduction rate of St. The y'-th sequence can change into the 2-th sequence via mutation matrix element Qtj, 1 < i,j < M. Eigen considered a single peak fitness function, in which only one spin configuration, say S\ = (1,1,..., 1), has very large reproduction rate A » 1 and other spin configurations have ri = 1. He also introduced the concept of error threshold. When the mutation rate is smaller than the error threshold, after relaxation any original distribution is grouped around the peak configuration S\, while at high mutation rate the population is distributed in the whole genetic sequence space. Eigen observed the connection of this phenomenon with the ferromagnetic-paramagnetic phase transition in statistical mechanics so that the error threshold and the degree that population is grouped around the peak configuration are corresponding to the critical point and the magnetization of the magnetic system, respectively [2, 3] .
In the Eigen model [2, 3] , the reproduction rate r ; -and mutation matrix element Q t j appear in the same term of the differential equation for the probability distribution p t of the configuration St and thus it is called the coupled (connected) mutation-selection scheme or model; in the CK model [4] , the reproduction and mutation appear in different terms of the differential equation for the probability distribution and thus it is called the parallel mutation-selection scheme or model.
In 1997, Baake, Baake and Wagner had mapped the CK model into a quantum spin model [5] . In 2004, Saakian and Hu mapped the Eigen model into a quantum spin model [6] and found that the relaxation in the CK model is faster than the relaxation of the Eigen model [7] when both models have the single-peak fitness function. They also studied the error threshold behaviors of the CK and Eigen models with more general fitness functions [8, 9, 10] . Recently, Izmailian, etal. proposed a lattice model for co-evolution of virus and the immune system [11] , in which the peak of the fitness function moves in the sequence space. In this paper, I will give a brief review of these developments.
EIGEN AND CROW-KIMURA MODELS
We denote the 2-th genome configuration by Si = (SI,S2,--,SN) and the probability of the 2-th genome at time t is given by ps t = Pi{i) and the fitness of St, r, = f{Si), is the average number of offsprings per unit time.
For the single-peaked fitness function, we take f{S\) = A » 1, and f{Si) = 1 for / T^ 1, with Si = (+1, +1,..., +1), which is equivalent to choosing
at the limit p -> °°. In the Eigen model, the evolution of pt is given by [2, 3] tin-
where Dj is the degradation rate, Q t j is the mutation rate from Sj to St and is given by Qij = q Nd(i >J\l -q) d^J ) with d{i,j) = (TV-Sli^'O/ 2 bein S tne Hamming distance (HD) between St and Sj, and (l -q) being the mutation rate per site; Qtj satisfy Si=i Qij = 1» which imply that Xi=i Pi = 1 for all time. 
Here 7 « N( 1 -q) is the number of mutation per genome per replication. For the Crow-Kimura (CK) model with parallel mutation-selection scheme [4] , the dynamics is given by dp-
rtiij are the elements of the mutation matrix such that rtiij = 7 for d(i,j) = 1, rtiij = -Ny fori = j, and mij = 0 for d{ij) > 1 with 7being the mutation rate [5] , which imply that S;=i Pi = 1 for all time.
Baake et al found that, for the fitness r t = f{Si), Eq. (4) is equivalent to the evolution of the following quantum-mechanical spin system [5] -# = r:£f = i(of-i)+/K,...,c4),
where cr* and a z denote the Pauli spin operators and \S > is the standard notation for the spin state. It follows from Eq. (5) 
EIGEN MODEL AS A QUANTUM SPIN SYSTEM
Eigen found that it is enough to solve Eq. (2) for only linear parts [2, 3] . Now we keep only the first term in Eq. (2) and rewrite the equation as [6] f = l 1 QijrjPj-
The second sum is over all configurations having Hamming distance / from the i-th configuration. We can show that when p t satisfies Eq. (7), then p\(t) = Pi(t)/^jPj(t) satisfies Eq. (2). In Eq. (7), there are terms with higher level / > 2 spin flips. Baake et al mapped Eq. (4) into a model of quantum spin chain [5] . We used the similar method to map the model of Eqs. (2) and (7) into a quantum spin model with additional higher level spin flip terms [6] .
The / spin flip term Q t j in Eq. (7) can be identified with a matrix element < 
One can still use use Eq. (6) with H given by Eq. (9) to calculate time evolution of pt for the Eigen model. One can multiply Eq. (10) from the left by < St\ to obtain Eq.
. To calculate matrix elements of T{t) = e~H t , one can introduce the Suzuki-Trotter formalism [6, 7] . For given m, the relaxation time t for the CK model can also be derived [7] and it is faster than that of the Eigen model [7] as shown in Fig. 1 in [7] .
RELAXATIONS IN EIGEN AND CROW-KIMURA MODELS

EIGEN MODEL WITH GENERAL FITNESS FUNCTIONS AND DEGRADATION RATES
In [9] , we considered general fitness function f(St) and degradation D(St) which depend on the HD from the peak configuration S\. We can write f{Si) and D{Si) as
where fo(k) and do(k) with k = 'LjS,' /N are polynomials. It is easy to show that k= \-2d\/N where d\ is the HD between St and Si. Following [6] , we exactly reformulated the solution of the system (2) as a problem of statistical mechanics of quantum spins with some non-Hermitian Hamiltonian H. Error threshold corresponds to singularity in the phase structure of Eq. (2). The same singularity exists also in the partition function Z = 7Vexp[-H [3] at the limit /3 -> °°; here /3, the inverse temperature in statistical mechanics model, corresponds to the time in Eq. (2). In [9] , we showed that, when /3 -> <», the dominant contributions to lnZ//3 come from spin configurations with a particular k resulting in:
The mean growth rate XK r *' -A )Pi is given as the maximum of Eq. (14) at -1 <k< 1, where nonzero k means a successful selection. We can use Eq. (14) to obtain error thresholds for various cases of fo(k) and do(k) [9] .
MULTIPLE-PEAK FITNESS LANDSCAPES
In Eqs. (13) and (14), fo(k) and do(k) have the peak values at the same configuration Si. In [10] , we considered more general cases: fo(k) and do(k) have peak values at configurations Si and £2 = (s[ ',...,% )> respectively. In the general case Si is different from S2. We define m = ^jS: S: as the overlap between Si and S2. When S2 = Si, m = 1; when £2 = (-1, -1,. .., -1), m = -1. £2 can represent the configuration at which the drug or the immune system work most efficiently to attack the virus. In [10] , we plotted the phase diagram of replication advantage A as a function of m. In the "ferromagnetic (FM) phase", the virus can survive; in the "non-selective (NS)" phase, the virus can not survive. At m = 1, the critical value of A for the FM phase is the largest. Asm decreases from I, A also decreases. In [10] , we considered that /o( k) ordo(k) alone can also have multiple-peak fitness landscapes.
LATTICE MODEL FOR CO-EVOLUTION OF VIRUS AND IMMUNE SYSTEM
In the models discussed above, the fitness function does not change with time. Recently, we considered a lattice model for co-evolution of virus and immune system [11] , in which the peak of the fitness function moves in the configuration space, represented by a lattice of M sites. Each lattice site, say the /-th site, represents a virus sequence Si and is assigned a number |,(?) to represent the activity of the immune system to attack St at time t. At the beginning of the simulation (t = 0), each § takes a random number between 0 and 1, and a sequence, say Sj at the y'-th site, is chosen to have the peak fitness function (i.e. the largest reproduction rate). In the next time step, the peak moves to the neighboring site of Sj, which has the smallest § value among the neighbors of SJ; the activity of the immune system at the y'-th site increases and takes of the value of the current time step. The movement of the peak continues. When all of the neighboring sites of the peak have been visited by the peak before, the peak moves to the neighboring site which was visited the earliest time among all neighboring sites of the peak.
We found that the peak of the fitness function can have periodic motion on finite lattices and scaling behavior on infinite lattices [11] .
FINAL COMMENT
The results presented above suggest that the method and ideas of statistical physics are useful for studying molecular models of biological evolution.
